
I G N I T I O N  OF A R E A C T I N G  GAS W I T H  A 

H E A T E D  S U R F A C E ,  IN T I t E  P R E S E N C E  

OF C O N C E N T R A T I O N  D I F F U S I O N  

A. M. G r i s h i n  UDC 536.46 

The Blasius perturbat ion method [1] is used to study the effect of reagent  burnout and dif-  
fusion on ignition charac te r i s t i c s .  

Let us examine the ignition of a react ing gas by a heated noncatalytic surface which is suddenly 
brought into contact with the react ing gas filling a space to the right of the surface.  The surface t e m p e r a -  
ture  T o remains  constant throughout the entire ignition process ,  and the initial reagent  t empera ture  T i < T 0. 
Assuming that the thermophysical  coefficients of the gas are constant and that we have a react ion of the k-th 
order ,  we determine the heating t ime and the quantity of heat t ransmi t ted  to the gas by the heated surface 
during the heating time. Mathematically, the problem reduces  to the solution of a sys tem of hea t -conduc-  
tion and diffusion equations [2, 3], which may be expressed in dimensionless  form: 

O0 0~0 0 -- + c k exp , (I) 
0~ 0~ ~ 1 + [30 

Oc _ O'~c Vc kexp 0 _ (2) 
O~ O~ z 1 + ~10 

with the following boundary and initial conditions: 

u~ac ~=0 0(0, "Q=O, 0(r "0 =O(x, O ) = ' O H ,  ~ j  = 0 ,  c(,~,x) =c(~, 0 )=1 .  (3) 

K the coefficient of thermal  conductivity k = h0T/T0, and the density p = P0T0/T, by t ransformat ion  
of the dimensional space coordinate 

r 

0 

analogous to the t ransformat ion  f rom [4], we can make provision for the relat ionship between the t he rmo-  
physical coefficients and the t empera ture ,  provided that we are dealing with a f i r s t - o r d e r  reaction.  In this 
case, the form of the heat-conduct ion and diffusion equations, considering the chemical  kinetics, does not 
change in the dimensionless  form,  provided - as in [5] - that we assume that p = p(T) and X = X(T) c o r r e -  
spond to the t empera tu re  distr ibution T(r, t 0 at some instant of t ime t = t~. 

We introduce the new independent var iables  

x 
8"=4x,  y - -  2 V ~ '  T1 = 2V-~-" (5) 

The sys tem of equations (1) and (2) then assumes  the form 

48 O0 __2y O0 _ 0~0 + e c  kexp O ,  (6) 
08 Oy 092 1 + ~0 
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4e Oc _ 2~10c _ 02c "fec ~ exp 0 
0e 0q 0n ~ 1 + ~-O" (7) 

To solve  the  s y s t e m  of equa t ions  (6) and (7), we use  the  B l a s i u s  p e r t u r b a t i o n  method [1], a s s u m i n g  that  

0 =  2 8~o., (s) 
~ 0  

c =  ~e~c~.  (9) 

H e r e  the s u b s c r i p t  n deno tes  the o r d e r  of the p e r t u r b a t i o n s .  Subst i tu t ing (8) and (9) into (1) and (2), and 
co l l ec t ing  t e r m s  fo r  ident ica l  p o w e r s  of ~, we find an infinite s y s t e m  of l i nea r  b o u n d a r y - v a l u e  p r o b l e m s  
f o r  s e c o n d - o r d e r  o r d i n a r y  d i f f e r en t i a l  equa t ions :  

d20~ + 2g d00 dg ~ ~-V --- O, 0o(0) = O, 0(oo) = - - O H ;  (10) 

d2c~~ +2~  dc~ = O, dc~ = O, Co(aO ) = 1; (11) 
d~l 2 dvl d~l ~=o 

. . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . .  

d20'~ + 2 g  dO,, --4n0,~ = ~ % _ ,  0,,(0) = 0,~(ce) = 0; (12) 
dg ~ dg 

dcn ',~=o d2c___~ + 2v I_dc,~ __ 4nc,~ = Y~-i ,  ~ = 0, c~ (co) = 0. (13) 
d~l ~ d~ 1 

H e r e  r is the c o r r e s p o n d i n g  coef f i c ien t  in the expans ion  of the funct ion ~ = c k e x p ( 0 / 1  + riO) in p o w e r s  of 
~. Having so lved  the b o u n d a r y - v a l u e  p r o b l e m s  (10) and (11), we find 

g 

O o = - - O u O ( g ) ,  O ( g ) - -  ] f ~  exp( - -z  ~)dz, c o = l .  (14) 

0 

The gene ra l  so lu t ion  fo r  (12) without  the  r i g h t - h a n d  m e m b e r  has  the f o r m  

d2n 
O(n~ = Anq),~ + B~ ienq)* (b'), q),~ = 2 TM exp ( - -  9-2) ~ exp g=. 

a g o , .  (is) 

The funct ion im~*(y) has  been  t abu la ted  in [6], and the funct ion ~n can be e x p r e s s e d  in t e r m s  of the 
H e r m i t e  p o l y n o m i a l s  [7] of even  index and i m a g i n a r y  a r g u m e n t ,  i .e . ,  

~P,~ = 2-~j~H2~ (]g), (16) 

w h e r e  j is an i m a g i n a r y  unit.  

Knowing the g e n e r a l  so lu t ion  fo r  the u n i f o r m  equation,  we can use  the method  of v a r i a t i o n  f o r  a r b i t r a r y  
cons t an t s  [8] to find the p a r t i c u l a r  solut ion,  c o r r e s p o n d i n g  to r and s u m m i n g  (15) and this  p a r t i c u l a r  
solut ion,  we obtain  the  g e n e r a l  so lu t ion  fo r  the nonun i fo rm equat ion:  

g 

0,~ = A~g),~ (g) + B,~i2nq~ * (g) + 2 n-1 ] f l~ j' *~_~ (z) [rp,~ (z) i2nq) * (g) - -  ~p,~ (g) i2nq) * (Z)] exp z2dz. (17) 
0 

In ana logous  fashion ,  we find 
n 

c~ = C,~cp~ (n) + S , f  2n(D* (n) - -  2n-1 Vr~"r f ~'~-~ (~) [(p'~ (~) i2~q)* (n) - -  q% (n) i2~(1)* (~)1 exp i~d~. (18) 

Subst i tu t ing (17) and (18) into b o u n d a r y  condi t ions  (12) and (13), we obta in  

A,~ = 2 --1V-~ .! %~-1 (z) i2nq) * (z) exp z2dz, B,~ -- 
0 

~ (0)A~ 
i~nq~ * (o) (19) 
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~ 2 Ca = - -  2 n-' I ~-y ~n-I (;) i2'} O)* ('~) exp ~ d., ~. = z r ~ L. (20) 
0 

We a re  thus able to find a solut ion f o r  an infinite s y s t e m  of l inea r  equat ions  (10)-(13) in c][osed f o r m  
and, consequent ly ,  we can find a solut ion fo r  the bounda ry -va lue  p rob l em (1)-(3) in the f o r m  of s e r i e s  (8) 
and (9) in powers  of ~. 

T h e r e  a r i s e s  the ques t ion  as  to the conve rgence  of the s e r i e s  (8) and (9). If r is a known funct ion of 
the a rgumen t  y, we find the exac t  solut ion,  s ince  s e r i e s  (8) and (9) t e r m i n a t e .  In the gene ra l  case ,  when 
~b = c k e x p ( 0 / 1  + riO), the c o n v e r g e n c e  of s e r i e s  (8) and (9) could not be proved;  however ,  as will  be d e m -  
ons t r a t ed  below, the c h a r a c t e r i s t i c s  of the ignit ion of the r eagen t  by a hea ted  su r f ace  fo r  a r e a c t i o n  of 
ze ro th  o r d e r  (y = 0) is in good a g r e e m e n t  with the r e s u l t s  of the n u m e r i c a l  ca lcu la t ion  [9]. 

Br ing ing  (8) to a f o r m  that  will  s a t i s fy  the Ze l 'dov ich  condi t ion [10], i .e . ,  

0y00 y=o = 0, (21) 

we find the equat ion fo r  the d e t e r m i n a t i o n  of the hea t ing  t ime ,  name ly ,  
r 

2OH __ Z i2~-'qJ* (0) ~ (0) A~e~" (22) 
]/ -~ n=l i2nO * (0) 

Accura t e  to p e r t u r b a t i o n s  of th i rd  and h ighe r  o r d e r s ,  Eq. (22) will  be q u a d r a t i c a n d ,  solving this equat ion,  
fo r  /3 = 0 we find the hea t ing  t ime  in the f o r m  

I, ( ~  16'/-~0H(I2+I3) i )  (23) 
X, = 64Vr~(/z.+Iz ) 1 + ' I~ ," 

Knowing the hea t ing  t ime ,  we can ea s i l y  find the quanti ty of hea t  t r a n s m i t t e d  by the plate:  
7g. 

f -'~-X x=O / - ~ [  8Iix* + :2561/-~ (/2 + 13).C2,1 (24) O , = _ _  O0 d * = 2  OH + 3 - ~ ' 

0 

w h e r e  

It = l, ~ i exp tO o (y) + y~] i~69 * (y) dy;. (25) 
0 

Is = V ~  S 01 (y) i'O* (y) exp iv2 +0o  (y)] dy; 
0 

I3 = k 1 ~ i ct (aq) i*@ * (B) exp [~12 + 0 o (y)] &q. 
0 

(26) 

(27) 

The  bas i c  con t r ibu t ion  to the  n u m e r i c a l  value  of the in t eg ra l s  [1 - ][3 is given by the va lues  of the in tegrands  
in the v ic in i ty  of ze ro .  In th is  connect ion,  a s s u m i n g  exp 00(Y) ~ exp(-20HY/4-Tr), which is valid in the v ic in i ty  
of y = 0, fo r  the ca lcu la t ion  of the in t eg ra l s  we e m p l o y t h e  Lap lace  method [11]. As a r e su l t  we find that  

~ ( 2 3~ 15z~ ) (28) 
It = - - ~ -  H 1 - - - - +  On 20~ 40~ 

9 3/2 [1_-L-8 + 2--( 8)t (29) 
5120rt (8 + 30n) 2 30H 02 2 9 ' 

[ 3z~L 15~L 3/2 ] (30) 13 = - -  k Y l / L n  1 - -  2]/____~_L + _ _  _ _  . 
2560H (1.12840H + 3.0091) OH 202 40all 

S imul taneous ly  with Sidonskii ,  t hese  s ame  in teg ra l s  w e r e  ca lcu la ted  on an e l ec t ron i c  digital  compu te r .  Com-  
p a r i s o n  of the da ta  f r o m  the n u m e r i c a l  ca][culation and the va lues  of 11 - 13, found ana ly t ica l ly ,  showed that  
they  a r e  in good a g r e e m e n t  with each o ther .  In pa r t i cu l a r ,  when 0 H = 5, 10, 20, 40 we have ][IS/I1 = 1.078, 
1.011, 1.003, 1.000, where  I1S denotes  the va lues  of I t obtained by Sidonskii .  
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Using the fact  that  OH >> 1, we find the hea t ing  t ime  fo r  the ignit ion of a r eagen t  with a heated  plate  
in the absence  of comple te  r e a ge n t  bu rnou t  ( Y = 0) 

( V 3 - -  i) O~ (31) 
�9 o = (1 + 2.820H~ ) ~.  0.2330~ (1 + 2.820HX ). 

The quant i ty  of hea t  t r a n s m i t t e d  by  the plate is equal to 

Oo = 0.38302 (1 + 1.410~'). (32) 

If we l imi t  o u r s e l v e s  exc lus ive ly  to the f i r s t  two t e r m s  in s e r i e s  (8), we find that  

%= ~ - - ,  O H > > I ,  
:~ ( I  2 + 3~ ) 

(33) 

which c o r r e s p o n d s  to the Enig  r e s u l t s  [12]. 

The a sympto t i c  f o r m u l a s  (31) and (32) ag ree  with the r e s u l t s  found with the s t r e s s  method [5] and 
the r e s u l t s  of the d i r ec t  n u m e r i c a l  ca lcu la t ion  [9]. Table  1 gives  the va lues  of T o f r o m  (31) and the va lues  
of ~'t found by  Sidonskii  on a digital  c o m p u t e r  a c c o r d i n g  to (23), in addit ion to the va lues  of T2, obtained by 
d i r ec t  n u m e r i c a l  ca lcu la t ion  [9]. 

On the bas i s  of these  data  we can thus  contend that the f i r s t  t h r ee  t e r m s  in s e r i e s  (8) p rov ide  a good 
app rox ima t ion  of the t rue  solut ion fo r  the b o u n d a r y - v a l u e  p r o b l e m  (1)-(3) when 0 -< ~" < "r,. This  is expla ined 
by the fact  that  the second and th i rd  t e r m s  in s e r i e s  (8) (pe r tu rba t ions  of the f i r s t  and second order )  a re  
smal l  in absolu te  value  in c o m p a r i s o n  with the  f i r s t  t e r m  when 0 -< ~- < T,,  i .e. ,  the pe r tu rba t i on  of the t e m -  
p e r a t u r e  prof i le  as  a consequence  of the heat  of r e a c t i o n  all the way  to the instant  of t ime  T = ~-, is not g rea t .  
This  r e m a r k  makes  val id the des igna t ion  of this  method as the pe r tu rba t i on  method.  

If y0 H << 1, and 0H >> 1, which a c c o r d i n g  to [9] is val id f o r  nondegene ra t e  ignit ion r e g i m e s ,  the h e a t -  
ing t ime  and the quant i ty  of heat  t r a n s m i t t e d  by the su r f ace  will  be fouled f r o m  (29) and (30) in the f o r m  

Q, =Qo 1 + I  [kyO~ 1 +  ~ - -  I " 

It fol lows f r o m  these  f o r m u l a s  that  the quant i t ies  T, and Q, i n c r e a s e  as the o r d e r  of the k- th  r e a c t i o n  in-  
c r e a s e s  and with an i n c r e a s e  in the quant i t ies  y0 H and L. it fol lows f r o m  the las t  that  if the coef f ic ien t  
of t h e r m a l  d i f fus iv i ty  ~ is g r e a t e r  than the diffusion coeff ic ient  D, i .e. ,  if L > 1, to ignite a r e a c t i n g  gas we 
need a longer  hea t ing  t ime than in the c a s e  in which L < 1. 

The n u m e r i c a l  ana lys i s  of (22) and {23) c o n f i r m s  these  qual i ta t ive  conctusions~ Table  2 g ives  the 
va lues  of 7, and Q, fo r  va r i ous  va lues  of L and 0 H, k = 1, and y = 0.01. It fo l lows f r o m  these  da ta  that  T, 
and Q, i n c r e a s e  weak ly  with an i n c r e a s e  in L and i n c r e a s e  v e r y  much m o r e  rap id ly  as  0 H i n c r e a s e s .  

We note that  the va lues  of T, and Q,, ca lcu la ted  with the aid of the a sympto t i c  va lues  of I1, I2, and I3, 
v i r tua l ly  do not d i f fe r  f r o m  the c o r r e s p o n d i n g  va lues  of T, and Q,, de r ived  by Sidonskii  f r o m  (23) and (24) 
with the compu te r .  

In conclus ion ,  we note the B la s iu s  p e r t u r b a t i o n  method [1] enables  us to solve the p r o b l e m  of ignit ing 
a r e a c t i n g  cy l inde r  at the f o r w a r d  c r i t i c a l  point with a s t r e a m  of heated gas [13]~ and this  method is ap-  
p a r e n t l y  appl icable  to the solut ion of p r o b l e m s  involving g a s - p h a s e  and he t e rogeneous  ignit ion mode ls .  

T A B L E  1. D i m e n s i o n l e s s  Heat ing T ime  as a Funct ion  of the D i m e n -  
s ion le s s  T e m p e r a t u r e  Head 0 H when Y = 0 

9H 5 I0 15 20 25 30 I00 

~2 

9,11! 29,87 i 62,20 
29,31 i 6l ,71 18'5930 160 

106,34 
105,76 
i00 

162,05 
161,49 
150 

229,41 
228,87 
210 

I 
35 40 I 

[ 

398,43 399,08 
307,80 398,59 

2337 
2395 
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T A B L E  2. D i m e n s i o n l e s s  Heat ing T ime  and D i m e n s i o n l e s s  Quant i ty  
of Heat T r a n s m i t t e d  to the Gas by the Heated Sur face  as  Func t ions  
of 0 H and L 

OH L 
o,21 o.41 ~176 0.8 I ,,~ I ,,2 I ,,o ] ,,s 

5 
10 
15 
20 

5 
lO 
15 
20 

Dimens ion le s s  h e a t i n g  t ime  
8,66 8,68 8,691 8,70 8,71 ] 8,71 8,72 

29,641 29,76 20,86 29 ,92  2 9 , 9 8  3 0 , 0 3  30,07 
62,72 63,11 63,40 63 ,64  63,84 I 64 ,02 64,18 

111,58 111,17 110,72 110,22 108,05 108,96 109,65 

D imens ion l e s s  q u a n t i t y  of he at 
17,23 17,24 17,24] 17,25 17,25 17,26 17,26 
64,04 64,13 64,20 64 ,25  6 4 , 2 9  6 4 , 3 3  64,36 

139,98 140,291140,51 140,70 140,85 140,99 141,11 
247,91 247,59 247,25 246,86 245,10 245,86 246,41 

8,72 
30,11 
64,33 

111,95 

17,26 
64,40 

141,23 
248,20 

8,72 
30,15 
64,46 

112,30 

17,27 
64,42 

141,33 
248,46 

0 = (T - T0)E/RT ~ 
fl = RT0/E  
Y = copRT2/qE 

x = r ~/(qk0E/XRT~)exp(-  E/RT0) 
r 

= xL 

L = X/D; 
)/ 

X 
D 

ko 
Cp 
P 

R 
E 
c 
~- _- (qkoEt /cppRT~)exp( -E/RTo)  
t 
T 

To 
Ti 
q 

)to 
Po 

N O T A T I O N  

is the d i m e n s i o n l e s s  t e m p e r a t u r e ;  
is a d i m e n s i o n l e s s  p a r a m e t e r ;  
is a d i m e n s i o n l e s s  p a r a m e t e r ;  
is the d i m e n s i o n l e s s  coord ina te ;  
is a d imens iona l  coord ina te ;  
is a d i m e n s i o n l e s s  coord ina te ;  

is the coeff ic ient  of t h e r m a l  diffusivi ty;  
ts the coef f ic ien t  of t h e r m a l  conduct ivi ty;  
is the di f fus ion coeff ic ient ;  
ts the preexponent ;  
Ls the hea t  capac i ty ;  
ts the densi ty;  
Ls the un ive r sa l  gas  constant ;  
Ls the ac t iva t ion  energy ;  
ts the r e l a t i ve  r eagen t  concen t ra t ion ;  
is the d i m e n s i o n l e s s  t ime;  
ts the t ime;  
~s the absolu te  t e m p e r a t u r e ;  
~s the absolute  t e m p e r a t u r e  of the heated  sur face ;  
ts the initial t e m p e r a t u r e  of the r e a c t i n g  gas;  
~s the t h e r m a l  effect  of the reac t ion ;  
ts the coeff ic ient  of t h e r m a l  conduc t iv i ty  when T = To; 
~s the dens i ty  of the gas  when T = T o 
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